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The Effect of Strong Heat Addition
on the Convergence of Implicit Schemes

Charles L. Merkle,* Anil Gulati,t and Yun-Ho Choit
The Pennsylvania State University, University Park, Pennsylvania

The effect of substantial amounts of heat addition on the convergence characteristics of implicit algorithms
for flow in a converging-diverging nozzle is investigated. Heat addition has an adverse effect on convergence
because it decreases the Mach number at the inlet, introduces a strong energy source term, and produces steep
temperature gradients. The nozzle convergence rate has analogous detrimental effects and is also studied. Com-
parisons of both variations show that when equivalent procedures are used, Beam and Warming's algorithm
converges for somewhat wider ranges of parameters than does MacCormack's. The combination of local time
steps which provide uniform values of CFL throughout the grid, boundary conditions based on the method of
characteristics, and Euler implicit differencing in time provides convergence that is nearly independent of heat
addition and is in close agreement with the predictions of stability theory. The incorporation of real gas effects
was tested and shown to have a minor effect.

Introduction

MOST current computational efforts are directed toward
problems in which there is no significant heat transfer.

There are, however, a large number of problems in which
heat addition (or removal) is a dominant feature. Some ex-
amples include diffusion flames, droplet burning, and flow
through a turbine with heat transfer to the blades. The pres-
ent study is stimulated by yet another problem in which the
governing feature of the flow is the heat added through ab-
sorption of laser energy. This problem arises from a poten-
tial new concept for spacecraft propulsion for which ac-
curate numerical simulations of the flowfield are urgently
needed to guide ongoing experiments.1 Although the amount
of heat added per unit volume of gas in the laser propulsion
application is considerably higher than in the other applica-
tions noted above, it is anticipated that the findings of the
present study will be useful for these other areas as well.

A laser-powered thruster is completely analogous to a con-
ventional chemical propulsion engine, except an "absorber"
is used to convert the radiant energy in the beam to internal
kinetic energy of the gas. The hot gas is then expanded
through a conventional convergent-divergent nozzle to pro-
duce thrust. Thus far, most of the analytical and computa-
tional efforts concerning this problem have been directed
toward obtaining solutions of an approximate steady-state
equation in which the mass flow rate emerges as an
eigenvalue.2"4 However, these simplifications omit some of
the significant physics of the problem. A time-marching
numerical solution of the full Navier-Stokes equations for
this problem appears to be the most promising approach for
obtaining accurate steady-state predictions which include the
dominant physics. Such a simulation involves considerable
difficulties due to the large amount of heat absorbed by the
gas and the strong interaction between the flowfied and the
incoming laser beam.5 Thus, for the purposes of the present
study, this nonlinear coupling has been replaced by a
specified heat addition. This allows emphasis to be placed on
the effect of large heating rates on the convergence of the
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numerical scheme. For similar reasons, the present effort is
directed toward the quasi-one-dimensional problem even
though the physical problem is highly two-dimensional.

In studying this problem, a number of different algorithms
have been considered, but prime attention has been centered
on an Euler implicit scheme such as that of Beam and War-
ming6 and on the bidiagonal implicit scheme of MacCor-
mack.7 The general observation is that all methods work
adequately at low heating rates, but become less reliable at
higher heating rates. Extreme care must be used to get any of
the methods in the literature to converge successfully at the
maximum heating rates of interest for the laser propulsion
problem. Similar trends are also observed for nozzles
without heat addition, but with large convergence ratios.
This sensitivity can be attributed to the large source terms
which appear in the problem and the accompanying com-
plications they cause including low inlet Mach numbers,
steep temperature profiles, and strongly varying Jacobians
throughout the flowfield.

Although the gases are no longer calorically perfect at the
temperature of interest, for simplicity and clarity, the calcula-
tions presented are for a constant property gas. However, the
equations are developed for a variable property gas.

Governing Equations
The Navier-Stokes equations for quasi-one-dimensional

flow are given in weak conservation form as

dU dF'
dt dx '

where the vectors U and H are defined as

^ P " " 0

pu and H= pdAF/dx

e _, ^ Q^4F

(1)

(2)

The vector F' is defined as

F'=AF

pu

o)u-kTx

(3)
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where a=p— (X + 2/x)dw/cbc. For convenience, F' can be
split into inviscid and viscous parts, F and V, as

where A is the diagonal matrix

F'=F+V (4)

In the above equations, AF represents the nozzle flow area
and Q the heat addition per unit volume, while the remain-
ing variables are defined by standard notation, including:
density p, velocity «, total energy per unit volume e, temper-
ature T, pressure p, viscosity coefficients /* and X, and ther-
mal conductivity k.

The specific internal energy e, which can be expressed as a
function of the temperature and pressure, e = e(T,p), is re-
lated to the total energy by

(5)

(6)

For an equilibrium gas, the equation of state is,

= pRT/M

where the molecular weight M also depends on temperature
and pressure, M=M(T,p).

The functional relations for the internal energy and molec-
ular weight must be obtained from thermodynamic data for
the gas chosen. For the laser thruster problem, hydrogen is
frequently the preferred working fluid. Consequently, the
calculations in the present paper are based upon the proper-
ties of hydrogen.

As indicated in Eqs. (1) and (2), both the momentum and
energy equations have nonzero source terms. The source in
the momentum equation is dictated by the nozzle area
change, while the energy source is taken as a specified func-
tion of the independent variable, Q-Q(x) [whereas in the
laser problem, it depends upon the dependent variable,

For the real gas case, the Jacobian of the inviscid flux vec-
tor, F, is defined as A =8F/dU, and is given by

A =

0 1

RT ( -> e\a.—— + |8(w2 ——— }a-u2 u(2-
M \ p /
[RT ( ' e \ l

au\ —— + / 3 ( w 2 — — — 1
L M \ p / J

-u(e+p)/p

(7)

where R is the universal gas constant and a. and /3 parameters
which are defined as

P

and

/3=- (9)

For the ideal gas case, a. reduces to unity, while /3 reduces to
7-1.

Equation (1) can be transformed to characteristic form by
premultiplying by a specific matrix S~; to give

dU dU
- + Adt dx

(10)

which is obtained from the similarity transformation

(11)

(12)
Here, c is the speed of sound defined as c2 =p(\ + j8)a/p.
The characteristic variables in Eq. (10) are defined as

(13)

This form of the equation is used in applying boundary
conditions.

The matrix S'1 is defined as S-1 = T~1M-1. The matrix
M~l transforms the conservative form of the equations to
the quasilinear form, while T~1 transforms the quasilinear
equations to characteristic form:

M

and

7

— u/p

a(P/p)-al3(e-u2/2)

1 0 -1/c2'

0 pc 1

0 -pc 1

0

1/p

0

0 (14)

(15)

To complete the analysis, the Jacobian for the source vector H
is given by

dHD =
dU

(16)

Similarly, the Jacobians for the viscous flux vector can be
found. All of these Jacobians, matrices and equations reduce
to their familiar perfect gas forms by replacing (3 with 7 -1
and a by unity.

Method of Solution
A number of implicit schemes are available for the Navier-

Stokes equations.8 The present calculations are based primarily
upon the methods of Beam and Warming6 and MacCor-
mack,7 although the methods of Steger and Warming9 and
Briley and McDonald10 have also been tested. Accordingly,
the former two methods are outlined here with emphasis on
their similarities and differences.

Beam and Warming's Implicit Scheme
The Beam and Warming scheme discussed in detail in

Refs. 6 and 11 has been widely used.6'12 Applying Beam and
Warming's method to Eq. (1) and expressing in delta form
gives

A/
TTi" (17)
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where the Jacobians, A, P, R, and D are as defined earlier.
In this form, Eq. (17) represents an entire class of differenc-
ing schemes, depending on the values chosen for 0 and £.6 In
the present analysis, 0 was taken as 1 and £ was taken as 0,
leading to the two-point Euler implicit backward difference.

In evaluating Eq. (17), the spatial derivatives are central
differenced resulting in a block tridiagonal system. This
scheme, like MacCormack's, is second-order accurate in
space. In contrast to MacCormack's scheme, where the vis-
cous terms are treated by Saul'ev's method,13 the Viscous
terms in Beam and Warming's algorithm can be included by
standard differencing techniques without altering the matrix
structure (which is already block tridiagonal). The source
terms are also treated fully implicitly as indicated in Eq.
(17).

MacCormack's Implicit Scheme
MacCormack's implicit algorithm is based upon adding an

implicit correction to his well-known explicit scheme.14 This
correction makes direct use of a modified set of eigenvalues
of the Jacobian of the flux vectors. The implicit system re-
tains the alternate type differencing distinctive of the original
explicit scheme and leads to a block bidiagonal system.
When MacCormack's scheme is applied, Eq. (1) takes the
following implicit predictor-corrector form:

Predictor form:

~

Corrector form:

(18a)

(18b)

(18c)

(19a)

(19b)

(19c)

where A + and A_ represent forward and backward dif-
ferences, respectively, and A* is the Jacobian with modified
eigenvalues defined below.

The modified Jacobian A * is related to the original matrix
A by a similarity transformation of a modified set of eigen-
values. Thus, in creating the modified matrix A*, the
diagonal matrix A is altered from the viscous counterpart of
Eq. (10) to a new matrix A* given by

Af
~Ax~

~Ax~
-A_A* \dU? + ] =AU?

where
* = diag(X7*, (20)

J = max( \u\+— - -- — —— , 0)1 V pAx 2 At /

\u + c\
1 Ax

pAx

pAx

The matrix A* is then

A*=SA*S~J

where S is as given earlier.

2 At

1 Ax
~2~ At

(21)

(22)

The treatment of the source terms also requires comment.
The source term in the energy equation is independent of the
solution vector U [see Eq. (16)]. Thus, its treatment can
neither be described as being implicit nor explicit. The source
term in the momentum equation, however, does contribute
to the Jacobian D and requires a choice of either implicit or
explicit differencing. Since the similarity transform which
diagonalizes D is different from the one that diagonalizes A,
it is not possible to treat this source term implicitly without
destroying the block bidiagonal structure of the method.15

Stability results shown later suggest that explicit treatment of
the source term has little effect.

Viscous Dissipation
and Stability Considerations

Experience with these two methods shows MacCormack's
scheme is sufficiently dissipative to obviate the need for ad-
ditional damping. Such is not the case with Beam and War-
ming's algorithm which requires the addition of artificial
viscosity to maintain stability. The difference between the
two algorithms arises because of their differing treatment of
the advection terms. To remove the stability limitations in
Beam and Warming's algorithm, two types of artificial
viscosity were incorporated as recommended by Steger and
Bailey.12 These include a second-order viscosity that is dif-
ferenced implicitly, and a fourth-order term that is differ-
enced explicitly. To understand the impact of these added
terms, and to anticipate the convergence characteristics, a
brief stability analysis of both methods is included. For
simplicity in these analyses, the inviscid equations with con-
stant property are used and the Jacobians of the flux vectors are
taken to be locally constant.

Stability of Beam and Warming's Algorithm
The analysis of Beam and Warming's Euler implicit

method begins by adding artificial viscosity terms in dif-
ferential form. Thus, the numerical solution of the modified
equations is considered as

8U 8F 83U e.Ax4 84U (23)

Here, e, represents an implicit artificial viscosity, while ee
represents an explicit viscosity.12 Both of these quantities are

MAX. ALLOWABLE COURANT NUMBER

Fig. 1 Effect of explicit artificial dissipation on the maximum
allowable Courant number for Beam and Warming's Euler implicit
scheme.
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pure numbers (no dimensions) that have been scaled to be of
order 1. As can be seen, the effects of the implicit term
vanish in the steady state, while those of the explicit term re-
main. The magnitude of the explicit viscosity is proportional
to Ax4, and is inversely proportional to the time step. Thus,
the effect of the viscosity decreases rapidly with grid refine-
ment, although the final solution is weakly dependent on the
time step.

Applying Euler implicit differencing to all terms in Eq.
(23), except the explicit viscosity term which is differenced at
the old time level, we obtain:

dA e,Ax
/+Af————l—

ax 4
d2

dx2

[

I
,

4 Bx2 8 dx4

which can be written in the symbolic form:

K1Un+1=K2Un

(24)

(25)

where Kl and K2 are the matrices obtained by central dif-
ferencing all terms inside the brackets in Eq. (24).

The stability characteristics of the Euler implicit algorithm
are determined by the eigenvalues of the matrix K]~*K2.
Solving for these eigenvalues in the high wave number limit
shows that the amplification ratio is less than unity if the
larger of the two following conditions is met:

ee>0 or ee> —

and if the smaller of

or e p </

(26a)

(26b)

is met. In these expressions, XM = wAf/Axr is the CFL ratio
based upon w, and AAF the change of flow area between two
grid points.

The stability criteria in these equations are interpreted
graphically on Fig. 1 for one nozzle convergence rate,
AAF/AF, that is representative of conditions used in the
present calculations. For clarity, only the results for zero im-
plicit artificial viscosity (e/ = 0) are shown. The addition of
implicit viscosity simply shifts the top curve upward, as seen
from Eq. (26b). For the particular area change (AAF/AF)
chosen, there is a range of GFL values for which the scheme
is unstable. Below and above these values the scheme is
again stable. The extent of this region depends upon the
magnitude of ee. When ee-Q.5 (for e; = 0), this region
shrinks to a point. Nevertheless, the large values of CFL to
the right of the curves on Fig. 1 cannot be used for nozzle
calculations. In a converging nozzle, AAF/AF takes on a se-
quence of values ranging from a maximum where the area is
changing most rapidly to zero at the throat. The stability
map for the nozzle is thus composed of a series of curves
such as in Fig. 1, with the intersecting curves being pushed
farther to the rigjit as AAF/AF decreases. Thus, the region to
the right of the curves in Fig. 1 will be unstable for smaller
values of AAF/AF than the one shown. Only the region to
the left of the intersecting curves can be used.

In this context, it is useful to note that an alternative
viscosity coefficient could be defined that would minimize
this dependence upon CFL, although it causes the viscosity
to depend upon the solution as well as its derivative. The last
term in Eq. (23) could be replaced by

d4U

which removes the XM from the stability condition analogous
to Eqs. (26) with e' replacing e. The resulting solution con-
tains differing amounts of artificial viscosity at different
regions in the flowfield.

Stability of MacCormack's Algorithm
MacCormack's differencing gives rise to a much more

complicated stability relation. Using notation like that given
above, we can collapse Eqs. (18) and (19) to give

(28a)+ (At/2)D(U+Ui+1)n

and

(7+ M*A_ ) (2U" + 1 - U^7- U" ) = -

+ (At/2)D(U+Ui_1)"TT (28b)

where X is used here to denote At/Ax. As before, these can
be placed in the simpler form,

If Tjn + l _ v rm f)Qi\A; i/ ~K2u (£y&)

K3U" + 1 =K4Un+K5Uwrr (29b)

where the matrices are obtained from the indicated differenc-
ing in Eqs. (28), along with a Fourier decomposition. For
this case, these matrices are:

Kj=I+\(l-c-is)A*

K3=I+\(l-

dx4 (27)

-is)] (30)

where the quantities c and 5 refer to the cosine and sine of
the Fourier argument, respectively, and i = V - 1 . In the short
wavelength limit where the Fourier argument approaches ?r
(where c= -1 and 5 = 0), it is readily seen that Eqs. (29)
become independent of the Jacobian of the source term, D.
Hence, the area change does not affect the stability of Mac-
Cormack's scheme at short wavelengths. Numerical calcula-
tions of the eigenvalues of Eqs. (29) likewise show the
scheme is stable at other wavelengths as well for the area
changes of interest.

Boundary Conditions
One-dimensional flow through a nozzle requires the speci-

fication of boundary conditions at the upstream and
downstream ends. In the present problem, the flow is choked
with supersonic flow downstream of the throat. The hyper-
bolic character of the flow at the exit simplifies the down-
stream boundary condition. A first-order implicit extrapola-
tion in conserved variables,

(31)

(where n +1 is the new time level and IL the last grid point)
proved to be adequate for all schemes tested. These bound-
ary conditions reflect the physical (and mathematical) obser-
vation that all information at the downstream boundary
should come from inside the domain.

Since the flow at the inlet is subsonic, the upstream
boundary conditions exert a large influence on the solutions
and its convergence. Subsonic inflow requires that two
variables be specified to replace the two characteristics com-
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ing from outside the domain. For both computational
methods the stagnation pressure p° and stagnation enthalpy
h° were chosen to provide this external information.
However, the information from inside the domain was ob-
tained from different procedures. For Beam and Warming's
algorithm, the method of characteristics procedure outlined
in Refs. 16 and 17 was used. The equations were written in
the form given in Eq. (10), and the information from the
first two equations was replaced by the conditions that p°
and h° were constant. This procedure can be expressed for-
mally by differentiating the (constant) boundary condition
vector, Q = Q(p°, T°, 0)r, to obtain two conditions for the
change in the solution A U at the upstream end

8U
AU=0 (32)

The third condition is obtained by multiplying Eq. (10) by
the selection matrix, L~ =diag(0,0,l). The three equations at
the upstream boundary are then obtained by adding these
two relations to give

mack's scheme, the stagnation pressure and enthalpy, p° and
h°, were again specified from outside the domain, but the
third condition was obtained by a second-order accurate im-
plicit extrapolation of the velocity u

uri + 1=2un
2
 + 1-un

3 + 1 (34)

from inside the domain. The extrapolation of velocity lacks
rigorous physical basis, but proved to be acceptable. Other
boundary conditions were not tried, but an implicit ex-
trapolation of this type was tested in Beam and Warming's
scheme and was shown to have only minor effects on
convergence.

Numerical Results
As indicated previously, the computational results

presented herein are for hydrogen gas flowing through a
choked convergent-divergent nozzle. The main thrust of the
calculations is to identify a method that will work success-
fully at heating rates corresponding to laser propulsion. Con-
sequently, more emphasis has been placed on how reliably
specific algorithms converge to a steady solution than on
comparing the efficiency of computation of the various
schemes. Because of the similarity in the flowfields,

(33)

This approach could not used with MacCormack's scheme
because of its bidiagonal nature. Consequently, for MacCor-
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Fig. 2 Nozzle profile for various area ratios.
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Fig. 4 Temperature profiles and Mach number profiles for peak
heating rates of 3 and 7 for Beam and Warming's Euler implicit
scheme, ̂  = 0.8.
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Fig. 5 Time histories of (A(//(/)ave for various Courant numbers
for MacCormack's scheme, yR = 0.8, PHR = 0.
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parametric studies of both strong nozzle convergence and
strong heat addition are considered.

Nozzle Geometry and Heating Profiles
The family of nozzle shapes chosen for the analysis is

characterized by a single parameter, the area ratio, &, which
is defined as the ratio of the throat area to the inlet area.
Some representative nozzle shapes from this family are given
in Fig. 2. The converging-diverging portion of the nozzle is
defined by a cubic equation preceded by a short, straight
section,

AF = for X<0

for X>0 (35)

where AF is the local flow area nondimensionalized by the
area at the entrance. The distance, X, is nondimensionalized
by length of the convergent section of the nozzle.

The heating rate is also defined parametrically to facilitate
an ordered investigation. The amount of heat added is
designated by the peak heating rate, PHR, which describes
the relative level of the heat flux at the peak. Representative
heating rate curves for several values of PHR are shown in
Fig. 3. The heating rate profile is defined in three segments:

Q=-2PHR

+ 3PHR

/ X-*i V
\X2-Xj)

-Xj

= PHR

= 2PHR

-3PHR

f-** v
•4-x3J

t-x* V
',-A,/

+ PHR (36)

and is zero elsewhere. For the present calculations,
^7=0.05, JT2 = 0.35, X3=QA5, and ̂  = 0.75. In these
equations, the heating rate is nondimensionalized by the
peak heating rate at PHR = 1. The heating rate correspond-
ing to maximum energy input in the laser propulsion applica-
tion is approximately PHR = 20.

Representative Flowfield Solutions
To quantify the flowfields of interest, the results of two

converged solutions are shown in Fig. 4. These calculations

4000

10 10 10 10

COURANT NUMBER

Fig. 6 Convergence of MacCormack's scheme for various area
ratios, PHR = 0.

are for the same nozzle shape, ^ = 0.8, but for different
rates of heat addition, PHR = 3 and 7. Although the
flowfields are qualitatively similar, they represent calcula-
tions with very different degrees of difficulty. The results in
Fig. 4 for the lower heating rate (PHR = 3) represent a
relatively easy calculation in which the solution converges
reliably regardless of the algorithm or time step. The results
for the higher heating rate represent a more difficult
calculation.

The Mach number profiles for these two flowfields are
nearly identical, except near the entrance where the Mach
number is reduced from approximately 0.06 for the PHR = 3
case to about 0.04 for the PHR = 7 case. This Mach number
change occurs because of the reduction in mass flow caused
by the increased heat addition. In addition to these Mach
number changes, the temperature profile becomes steeper as
the heating become stronger. Both of these items make con-
vergence more difficult. Quantitative details on how con-
vergence is affected are given in the next subsection.

Solution Convergence Without Heat Addition
Solution convergence was monitored by keeping track of

the change in the flux vector AC//C7 averaged over the entire
flowfield as a function of the number of time steps. All
calculations were done with 65 equally spaced points. The
convergence results are portrayed by showing the largest
component of AC//£7. For cases without heat addition, this
corresponded to the momentum equation. For cases with
substantial heat addition, the component from the energy
equation was largest. Convergence was defined as
AC//C/<10~12. This rigorous convergence criterion ensured
mass conservation to four decimal places.

The convergence pattern for MacCormack's implicit
scheme for a nozzle with an area ratio yR = 0.8 and PHR = 0
(no heat addition) is given in Fig. 5. With only a small
change in the nozzle area from the inlet to the throat, the
solution convergence extends from a Courant number of
unity to 108, as suggested by the stability results. (Here, the
Courant number is based upon the u + c characteristics and
conditions at the throat.) Above 104, the convergence rate is
essentially independent of Courant number and as the
Courant number is reduced below 104, the convergence rate
decreases.

A map showing the regimes in which MacCormack's
scheme converges for this case (as well as several other area
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Fig. 7 Convergence of Beam and Warming's Euler implicit scheme
for various area ratios, const Af PHR = 0.
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ratios) is shown in Fig. 6. As the nozzle throat area is re-
duced, there appears an upper maximum on the allowable
Courant number above which convergence is very slow and
divergence can be expected. The band of Courant numbers
for which the best convergence occurs also continues to
decrease as the throat area is reduced. In these calculations,
a linear Mach number profile passing through unity at the
throat and constant stagnation conditions were used as the
initial condition for the yR = 0.8 case. The smaller area ratio
cases were all started from a converged solution correspond-
ing to one of the larger area ratio cases. Identical initial con-
ditions were used for MacCormack's and Beam and Warm-
ing's methods.

Companion results obtained with Beam and Warming's
algorithm for these zero heat cases are shown in Fig. 7. The
detailed behavior of the convergence characteristics of this
scheme is somewhat different than that observed for Mac-
Cormack's scheme. Part of this difference arises because of
the stability limitation that occurs at large values of CFL.
Each area ratio shows a cutoff CFL beyond which reliable
convergence cannot be obtained. (It is, however, noted that
rapid convergence was observed in several randomly spaced,
narrow bands of CFL above the indicated limits with regions
of divergence in between.) These experimentally observed
stability limits are compared with the theoretical predictions
from Eqs. (26) in Fig. 8. For completeness, several values of
explicit artificial viscosity (ee) are also shown here. The
calculations were made with ee = 0.6.

In an effort to obtain better convergence with Beam and
Warming's scheme, the largest and smallest area ratio cases
were recomputed using a uniform CFL condition (i.e., a dif-
ferent value of AO at each grid point. These constant CFL
results are shown in Fig 9. As can be seen, there is no major
effect of switching from uniform At throughout the field to
uniform CFL. The uniform CFL procedure is, however,
slightly more reliable (converges over a wider range of
CFL's) and is slightly more economical.

Solution Convergence with Heat Addition
All of the results for cases with heat addition presented

herein have been computed for a nozzle with yR = 0.8. The
initial conditions for cases with heating were again taken as
converged solutions from cases with lower heating rates. The
effect of the Courant number on the number of steps re-

quired for convergence with Beam and Warming's scheme is
shown in Fig. 10 for various peak heating rates. With in-
creasing heat addition, the range of Courant numbers for
which the method converges continues to diminish. Con-
vergence could be attained up to a PHR slightly above seven,
but at higher PHR's, it was no longer possible to obtain con-
verged solutions. MacCormack's algorithm exhibited similar
trends, but again its range of convergence was smaller than
with Beam and Warming's algorithm. This deterioration is
analogous to that observed when decreasing the nozzle area
ratio. Decreasing the nozzle area ratio decreases the inlet
Mach number and increases the magnitude of the source
term in the momentum equation. Correspondingly, increas-
ing the heat addition decreases the inlet Mach number and
increases the source term in the energy equation, although
this latter source is not coupled to the solution.
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Fig. 9 Convergence of Beam and Warming's Euler implicit scheme
for various area ratios, const CFL, PHR = 0.
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Euler implicit scheme.
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Fig. 10 Convergence of Beam and Warming's Euler implicit
scheme for various peak heating rates, /R = 0.8, const A?.
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Fig. 11 Convergence of Beam and Warming's Euler implicit
scheme for various peak heating rates, ^R. = 0.8, const CFL.
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Fig. 12 Time histories of (At// £7) as a function of Courant number
for the Euler implicit scheme of Beam and Warming, PHR = 2,
^R = 0.8, const Af.

The Beam and Warming algorithm with uniform values of
CFL was also tried for the heat addition calculations. The
results are shown in Fig. 11. Here, we see that, in agreement
with stability theory, the convergence of the uniform CFL
calculations is almost entirely independent of heat addition.
The effectiveness of the variable time step arises because it
negates the effect of strongly varying coefficients which are
introduced by heat addition. The constant CFL case is more
nearly analgous to the locally constant coefficient assump-
tion used in the stability analysis. This removal of the sen-
sitivity of convergence to the presence of heat addition is
analogous to the removal of the sensitivity to the effects of
strongly varying Jacobians which occur as a result of highly
stretched grid mappings.

The time histories of the change in the dependent variable,
AC//C7, with Beam and Warming's algorithm are shown in
Fig. 12 for several Courant numbers. These calculations cor-

respond to .̂ = 0.8, PHR = 2, and ee = 0.6. All calculations
shown here are convergent, with fastest convergence being
obtained at the higher Courant numbers Calculations at
Courant numbers larger than those shown led to rapid
divergence. The convergence history exhibited in this figure
is typical of the observed at other peak heating rates.

Summary
The effect of the addition of substantial amounts of heat

to the flow in a converging-diverging nozzle on the con-
vergence characteristics of implicit schemes has been in-
vestigated. When heat is added to the flow, the entrance
Mach number is reduced, a significant source term is added
to the energy solution, and a steep temperature gradient is
produced. All of these effects are detrimental to a numerical
scheme but can be overcome if proper care is exercised.

Results show that when proper artificial viscosity is used
along with Euler implicit differencing in time, Beam and
Warming's scheme converges for a wider range of
parameters than does MacCormack's. However, this com-
parison is not completely consistent in that different
upstream boundary conditions were used for the two
methods. For Beam and Warming's case, method of
characteristic boundary conditions was used, while for the
MacCormack case, extrapolation was used. The reason for
this difference was the difficulty of applying method of
characteristics boundary conditions to MacCormack's
scheme without destroying its bidiagonal character.
Although more optimum boundary conditions might have
been found for MacCormack's scheme, representative tests
of an analogous extrapolation procedure in Beam and War-
ming's algorithm did not alter this conclusion.

Even though Beam and Warming's algorithm converges
somewhat more reliably than the MacCormack algorithm it
still shows substantial deterioration in convergence as more
and more heat is added unless nonuniform time steps are
used. The use of uniform CFL values at every grid point
(instead of uniform AO, however, makes the convergence
nearly independent of the amount of heat addition. This is in
agreement with stability theory that says the heat source does
not effect convergence. It is important to note that although
nonuniform time steps were tested only for Beam and War-
ming's algorithm, there is no reason to expect that they
would not also behave in the same manner with MacCor-
mack's scheme.

A major difference between the two schemes is that Beam
and Warming's algorithm requires the addition of artificial
viscosity to maintain stability in a converging nozzle,
whereas MacCormack's scheme does not. The viscosity
added to Beam and Warming's method decreases to zero as
the fourth power of the grid spacing and shows a weak
dependence on the time step. The observed convergence pat-
terns with Beam and Warming's scheme are in excellent
agreement with the stability predictions.

Finally, it is noted that the use of real gas properties has
little effect on convergence and reliability. Detailed calcula-
tions (not shown) demonstrated that although computation
times are increased somewhat because of the additional
calculations, the number of iterations required for con-
vergence is unaffected.
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